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Parallel Sorting



Qeca“:

da‘ka"'; ge tree =

EMF‘"a,
l Nede _q_f_ +ree ¢ nt * tree

It\*.COMPare 4 ‘\v\‘t * wmt — orJer



C\a‘\'w\':lte order =

LESS
| EQUA L

| GREATER



We define trees 1o be sortel by
’ E'“P'l'a is serted;

¢ Node(£,x,r) is sorted €€
(c'.) 4 15 sorted and For Qvera \‘-,:'m't

)

1) 2, Iv\t.wmpare (g,x) rerurns
evther LESS or EQUAL

and (1) v is sorted and for every z:int
w v, Int. (.OMPQTQ (2 ,)() reYurns
erther GREATER or EQUAL



Let's 'h*a divide 3 Conguer
-pm' Sor'\':n? trees :
. $Pl?'\' Yhe tree \wite subhées

¢ Sort the subirees
. Me)r%}e, the PQSuH:s



(* Msort : +ree —> tree

REQUIRES: True

ENSURES : Msort (-t) returns a sorted tree
containing Eractly the elements of
t (in Ru J:na dwpltca','?S).

%)
wn Msm‘i EW\P‘\‘a - E-MP'F;

p

| Msoct (Node (£,%x,0)) =
Ins (x, Merge (Msort £, Msork 1)



(¢ Ine : int * tree — tree

REQUIRES: t is serted.,

ENMSVRES : Ins (x,'f) returns o serted tree
Contuining %X along with the
elements of y me‘ucl?ud Jup’-‘mfe&

*)

Sun Tos (3, Emply)z Node(Euphy,y, Eonply)
' ImS(X, Nede (2,3)!‘)) =
(S_Q_SS In'toCDMPu\‘e (X,‘j) i

GREATER =D Node (£,4, Tns(xr)
| — = Node (Tns (4,2), y,r)



Tesue

W hen mevaina +wo trees, the reot
elements M&a be &‘.P@e_reni:

tl 'tz

where ?

A

To obtamn Paru“&“sm) it is usefll

‘o sP\:sf 'Lz at +he locetion X Uau\c‘

acppear in i, Ccon’ﬁmdua to @ssume sorted
+rees), rather then at ¥ .



Tesue

W hen mevah\a +wo +T€€S, the root
elements maa be cQ‘.@@e_re“i:

t,

To ebtam quu“e“sw\) it is usef|

o split iz at +he locetion X would

cppear in i, Ccoan.u.Tua to @ssume sorted
'I'PQESD) rather than at y .



Trees to merge after the split

Merge the two trees enclosed by the orange curve.

Merge the two trees enclosed by the green curve.

And then create a node with x and the two merged pairs of trees.



(if Mevae e tree # tree — Jree
REQUIRES: t,¢ t, are sorted.

ENSURES : Merge (t,,t,) returns a sorted
tree containiu eXQc‘“J the ?'Q\“eu*}‘
of t, g tz ‘{‘oa ether ( ivel. JwPS.),

*)
fun Merge (Ewmply, t,) = 2,
\ Mevae (Mede (‘e')x,"o>) tz) =

.Le.'.t_ .\.’.“_’ (21,'.;3: SPI:'tAt (x)tz>
™ Node (Merge (£, 2,),x, Merpe(s,1.))

end




Caution:

The depth of Merge (4,,t,) con be
the sum of the depths of %2 ¢,.

E%QMP‘G : ‘ Mgrae ( K“R ﬁx)
a q) S

::# sq

This meEans Merae (tu*z> maa_ not be
balanced even if 'ﬁ.ﬂ tz are ba’anc&c(..



V=

In ordey To obtain fast C'DJP,
one must "eba)ance'

C. 0%5_2?“?& :

Owe cawn dﬁ SO w}ﬂod‘ a-f"l’ed-&.
stij'ch cost Cow\pawe‘( to J
what we will do teday whew we
eSsume Trees are - balanced,

The details are bejo\m{ +a¢(ua's lectiere,



fun Msort Emply = Empty
\ Mso(—t‘ (NO&QC'Q)*)P3> -
Ins (%, Merae C Msort ﬁ) Hsori:a)

fun Merge (Empty, t2) = 2,
\ Mefae (Mede (&,M"o)) tz) =

let
-:—- va) (2,)1-;3: Split At (x,'éz)

—  Node (Merae (ﬁ,,.?,_),x, Meroe(n,r,_))

ené




fun Msort Ewmphy = E"‘P"';
\ Meort (Node C'Q)*)‘ﬂ) -
reba)ance(lns (x, Merge (Msert £, “‘"*')))

fun Merge (Empty, t2) = 2,
\ Mefae (Mede (&,M"o)) tz) =

let
-:—- va) (2,)1-;3: Split At (x,'éz)

—  Node (Merae (ﬁ,,.?,_),x, Meroe(n,r,_))

ené




(x SpRtAL : it » +ree — tree r hree

REQUIRES : t is serted,
ENSURES @ SplitAt (X,€D redens a pair
('Lt, tz) of sorted trees
Such that:

e ¢ 14 t, ‘f‘aae’f‘iser contain ?Xm:HJ
the elemets of 2 (inel. dups),

o The E’C»oenfs 010 't, are LESS eor
ERUAL to x

o The elemeyts of t, are GREATER
or EQUAL to x,



&‘.‘}. SPN:Af (*) E""P‘U) - <EMP*J5 EMP.’J)
' SP\:‘\’A‘!‘(*) Nede ('e)a)r>> =
(case  Int.compere (x,y) of
let
LESS =3 "9"_\5_.;_\. (-t'.;ta):spl:-}Ai(x,I)

I (i,) Nede (*z, Y5 r>)
end

| — = -'-e-tvq\ (3.8, = SphtAt (v,r)
= (NOJQ ('e; ‘d)t\),*z)



Ana\as_ié_

e Assume balawnced +rees
o Focus on span

o Write just He re cursive
Par+ ot the récurrénce

(we will lerase this in terms

of the depths d of the mpul
‘rees)



&"i Ins (‘A, EMP.’:?): Norle (Emp"‘a)x, Emp'}o)
| Ins(x, Nole (2,5,?)) =
(Q_Lts_e. Int.cm,:me (X,j) of
GREATER =) Node (fsU;I“("i"})
—_— = Nede (InsC)‘,Z),V)r))




'&\: s (‘A, EMP'b): Nede (Emp')‘a)x, Emp'}o)
| Ins(x, Nole (2,3,?)) =
(L"’.e. In‘t.CwnPave (X,j) of
GREATER =) Node (I\U;I“("i"})
- = Node (InsCx,Z),v)r))

SI“S (cl) < C + SIns(d'O




'&\: s (‘A, EMP'b): Nede (Emp')‘a)x, Emp'}o)
| Ins(x, Nole (2,3,?)) =
(L"’.e. In‘t.CwnPave (X,j) of
GREATER =) Node (I\U;I“("i"})
- = Node (InsCx,Z),v)r))

SIns (d) = &+ SIns(d-O)

So SI“ (d) is O(‘I)




fan SphtAt (x, Emphy) = (Ewply, Emply)
| SpirAE(x, Node (£,4,rd) =
(case Int compare (x, 3) of

let
LESS = ..9_!31 (.tu-t;):SPlHAi(x,f)

n (¢, Node (%, v, )
end
\ _— =P eee >




fan SphtAt (x, Emphy) = (Ewply, Emply)
| SpirAE(x, Node (£,4,rd) =
(case Int compare (x, 3) of

let
LESS = ..9_!31 (.tu-t;):SPlHAi(x,f)

n (¢, Node (%, v, )
end
\ _— =P eee >




fun  SphtAt (x, Emphy) = (Ewply, Empiy)
| SphrAt(x, Node (£,9,r)) =
( case  Int compare (x, {7) of

l
LEsS = let val (t,,t,) = Sphi At (x,4)

(-tb Node (‘f‘b Y5 "))
end
\ _— =P eee >

Ss,,w* () & ¢y v Sopp (-

SO S Split At (d) is O(c/)



'PMV\ Mev e (E""P"v) 2) i
\ Mevae (Vede (8,5, ) -

let.
. .\ﬁﬁ,_ (‘ez, ;3 - SPHA& (X,fz>
—  Node (Merae (2\,2,_),)(, Meroe(r;.rz))

b e




fun Merge (Empty, t2) = 2,
\ Mevae (Meode (‘en,x,"a)) tz) -

let
. val (& r,)= Split At (x,t, )
~, Node (Me'ae (2,42,),, Meroe(r..rz))

end
SMeroe <d‘) Az)
£ Gyt SSplﬂ’A't () - MQX(SMQWQ (4‘-\ ’2)’
SMane (‘l\') ? ))

(it 4,2 d,-1)



'PMV\ Mev e (E"‘P*a) 2} i
\ Mevae (Vede (8,5, ) -

let
JeT, .\ﬁﬁ)_ (2!)1-‘3: SPI\'tAt (x)tz>
—a Node ( Merge €4 ,&)ﬁ‘» Merae(n,r,))

en
S s (d,dy)
C"b + SSPH’A't (dz,> + max(S Q‘, (4 -\ 37)
Shoge (457

(Wit d’e d,-1)
f— Cay + $P"‘ At (d2.> Merae (‘ll- ‘ 342)



IN

In

e .
(d,d;)

Merae
C
5 t S
SplitAt (d
Drman(S,
Me 4-
199 \ . ’2)

(Wit
d‘cd-\) >
age (41,7)

Cy +
sPuA-t (4,) + Sy
e
ye (d,-1,d4
2)

q S
)



Se SMerae (dn,c(z) S 0(4,4-,)



F

| Mseort (Node (R, 03y =
Ins (%, Merge ( Msort £, l“\sor':a)

. Msapi E-mP‘\'a o E-MP"'




fun M
_____\ MSVP'L E-W\P‘\'a ot E-MP'I-
sort (No&e(,ﬁ)x)r‘B) E
Ins (%, Merse ( Msert ﬁ) ?‘\sorl:a)

SMsor'l‘. (d)
N
5 + max ( 5Mur‘l: (4-0) Sﬂwrf (‘V))
" SMerae (dyd) *+ Stys (d).



£!_v_\ Msort Em,:‘\‘a o E-MP"'
| Mseort (Node (R 03y =
Ins (x, Merge ( Msert £, P\sori:a)

SMsor": (d)
S G ¢ max<5M‘"t (4-0) SMsari' @‘))
" SMerae (didy) + SI»\s (d3>°

Here: o d’&d-|,
o q,84d, are the depths ot +he trees
returned ba the recursive calls 2 Msert,
o dg is the depth of the tree returnel \aa Merse




SMsor’t (d)
£ G ¢t qu<sMurf (4-0) SMsorf (A’>)
& SMerae, (d‘)dl> - SI»\S (d3>

Here: o d'2d-1,
o d,84d, are the depths of the trees
returned ba +the recursive calls +2 Msert,

o dg is the depth of He tree returnel ‘)a Merge,

If we rebalance as a fiual step in Msert
then died dy¢d ¢ dy¢ad



Thus:

Sugert (42

Sor

Cy + Sy, 1 (40 + Sm'ae@,o +S, @)

in

£ G5+ Sugt (@) + - d? + ¢pd

Ca‘da + S“SOI’[ (d"l).

in



Thus:

So

SMsar‘t (d)
Cy + Sy, 1 (40 + Sm'&e@,«o +S ()
ns

in

R G DAL

CB’da = Sﬂsofl (d—,)'

(d) is O (C/S)

in

A Nswt



Sorting

list isort list merge sort  tree merge sort
Work O(n?) O(n-logn) | O(n-logn)
O((logn)3
v | om o) ((log )2)
O((logn)?)
(previous lecture) (today)

(in 15-210)



(r rebalance : +ree —> +ree
RERUTRES: ruwe

ENSURES: vebalawce (3) retums a Hee 2’
contamimg Cractly Hhe €lements aOt
and tw @ Same an?er) Such #hat:

5 dept (4) = [Log, (siee (4'3)]

fun  rebalance (Ewmply) = Empry
| rebalence (+> =

3
‘\'g""_\f_a_\_ (£, x,r) = halves (¢)

.
1WA

e )

Nede (rebalamce I) X, rebalance 1)

Ena



Comments

L] hq\ves 'S nord'r'wiol.

e I{ the ‘mpu‘t tree 'L '&o rebalcmce
18 rmua\n\; ba\cmcecl,'“‘\eh

Wrebalance (M) is @(n)

Svebalance (d) is o(d?),

Here n=size(t) 4 d= JQP'H«G),

N cha\u\g balanced ” weans d 2 c. loazn’
or some Lired comstant € (e=a Lor inshance),

(Anqus‘ss takes some e'?'?ori'.y

d



That is all.

Have a good weekend.

See you Tuesday, when we will talk
about polymorphism.



