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Combinators, Staging,
and Natural Folding



E.g, composition

Com b'\vxu"(‘ori fog

Combinateors are Qunetions That combine
Swall P‘QCCS a-P cede into /Qraer
pieces of ceode

We will view combinpaters as

\nial\m' OV'JQT 'PunC"'t.ov\s '/'lmf
exped‘ {-’uv\cl-ious and return

-puv\c-hous :
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In MQ'H\ y One Maa wr‘.+e. the Stem a'p +wo
‘m‘\'e.ae.\-vvnlued functions in a Point-{"ree

woy : .(.‘.4.3

If someone asks CWhat does thet mem?”)
we wov.\cl CXP\um uSma ] ymn'*'sp?u#nc

e?ua'l‘non (-Q ¥ 3)()(3 -P(x) «\— a(x)

Com bmq.'tﬂ- .deaer aJ&c"‘Mn
In SML , we will define combinators in cede
uSRn? HNie Po'm'}'w?se. Princ‘nple ) Then use
the combinators for PV""t’#"ee Pr "a”‘"""";.



infixy ++ (% declares ++ to be an nfix

rigkt-associative operator %)
.'ci"l. (-(3 X 3) x = £() + g(x)

Alternatively, we could Pivet declare
Fun ++ (9,33 x = £(x) + g(x)

awng Subse;uew\’\ wr‘.-\'e w:zxr . 2 A

Other forms of declaration are pessible,e.g.

fun ++ (£,3) = fux=> -N:O*g(x).

What is the type of ++ 7 ie,of (op 4
(‘a > int) xle=rint)=> ‘a4 =5 int



'cun Square X = X®*X
bun double x = A %X

WQ. can COMB'\Y\Q +l‘lese. 'p\ﬂ\t"':@ﬂ VQ‘“€§.‘

L/c_:_\_ q,unclm'l'fc o S?uare ++ double

Observe: ?uq;\rq-\'ic .’-:':. ;P_'Lx =D X#X 4+ QX

\a., q,uqc\ru'h'c represents the Punchion X +3x,

quqclro:Hc (3) & I8



infixy ®K

fun ($ #% ) x = £(x) » 3(%)
pun MIN (’P, 3) X = Intm(n(#(ﬂ,%(%))

(op #%) : (‘adint)w(faaiut) = a=vint

MIN ¢ (‘a=diat) #x(a-diut) = (‘a=>int)

( Two different ways o writing the
Same +3;>e, b} riak‘t—assniwgvi'/}
of arrows in function '/‘apes. )



MIN ( Siuare, double)




taging
S‘\‘oxa}na, 1S @ wc?u'na +ecl«n:3ue
that has a Lunction Per{’om

use ful werk prier to re'ce‘w:y
all s araumewlzs,



Suﬂwse the horrble COMPM""Q"‘:&\A +akes
|0 MOM‘H.S. <$H[>fose addl itren Tekes a Piwsec.x

Then Cach of Hlese exfress.'an takes ot
least 10 mowths Fo evaluete:

‘? (5) ) T only we could recal)

Q (5) 3) horrb t'ovnpn"‘u"'t'vu (S)



Wwhwet is Fhe 4379 of {7
nt * inwt — int

Maabe Cuﬂaiua u)au\ﬂ ke‘P.
Let's dedine a 'Curn‘egl Version ot -@



‘Cun 8, (X: ;ni) (aﬁn'&) e ‘n\'t i

1ef ol 2iiet = homible tomputation ()
in .
end ¢ ‘
K 3 . mt = \wE D int ) 50 we can
de(l:ne. VQ' 3.5 ¢ tul =D Wt = 3(‘5)

and thew evaluate

35 o] (& weteed of £(52)%)
95 3 (* wwstead of €(53) )

How lo\»\a c‘oes each of the 'ﬂ\ree Iines above +abe7



I+ helps to remember #hat the declaration
of 9 created the bim(in}

[ fax=dfny=> let val 2= heDmaryend/q].
In Jec'arina _\{_g_' 35 = 9(5) , one evaluates

(2
= (iz x = fn y = let val 2 =“°(*)32'?*3£‘.‘-3)(5)
= [5/,;_‘ '&J: let val 2 = he(®) in ?-la?_ufl_

D A
This 15 a lambde e4pression

(i+ s net QPP).'QJ Je auz arauuseuf here

This closure is the valve returned 6} 3(5).

This vake is returned neacky instordeneonsls.
The hornble computation has net y?‘f happened.

|



We now heve the biu&:»a_

[57/x 1
'?.‘&39 let va! ?=kc6t)3:t_z+}e_.ﬁl 3;

EVQ\HA"‘.\MJ 35 ol

nfS*\_,% : [ s/X, Q/O»,J )&t v_q_\ 2"‘(3("),3;'_'_!*;62

takes e [S/MQ/J)?:Q' r/?:] 2+y
Omonths = <Some other 3u*¢aer

g:m;lar,a’ @VQIM‘A‘&M M’l 85 3 7"0'\’?5 o months,



We now heve 'l’ke biu&:na_

[57/x 1
fs 3 let val 2 = heG)in 29y end a5

Em\uw\r'ma 35 Q

n'.sp\’% : [ s/X, 3/0»,_1 )_g_t V_q_‘ "Lc(’o;-"—”?e&
3_?&5 —] [S/X )a/y ; ?:;‘ r/%] z*}

Omonths — <Some other ‘m'\'eaer

gim;lar,a’ @Va/ua'kam of 85 3 tekes 10 months,
Defining g in place of f has not yet helped!



Recall +he )ambda €xpression Pcr; :

a) :lnc(%}ly_\ 1*9 Q:J
x> & 4 = let val 2

Let ws move this
Com Pu"’n"‘:‘m\ "’0

here

We can do thet
f;:\'kra: emenwt Since the Cvmpu"'aﬁou
\s w\..zl- we does ndt depewo

mean b}ﬁa&: . on } :
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Tke dec'ara‘l"\on of h created the bc’ncliu;
[fnedlet vl azhe)indny=yeryend[p]

So > W clec.\ar ;V\? !_e_\_ L\S - \n(S)) one QVA\uq'{'QS

h(S)
{=§ [5/x] let val 2= he(xdinfny = T+y end
1\

=5 [/, Baer/e] 2y = s

e Tkis 1S & [QMLJQ exrﬂﬂn}»y
(ot OPPRQJ Jo an myuv\&d?.

\ This closure is the valee returned bo\(_h(s).
This step takes 10 monhs,




We now \Mwe "H\.e, ,);N!h\a_

L5/, feqer/2]
fu y =2ty

hS

Eva’ua"‘ma hE 2
These shpsd =2 L5/, Wigerf2, 34 ] 24y

b some cther m‘}eaer

%u\ck \a .

Se \Mvmi S+Q ed the horrible computapion Fo

pecwur ruah a@M Qv umes\f X 15 available, evalwation
of hS'Q is 'pﬁs'} Stmilarly for lnS 3.



Sumw\ﬂ?_

£(5,2) 10 wmonths

$ (5,3 210 wonths

val 35 = 3(5) Fast

35 2 WO wmenths

25 3 > (O weonths
val h§ ’-‘L\(S) » \© wenths
hS 2 Fast

W 3 Fast



Mapping 8 Folding

We, cawn de#ine r\a')’v\rq[ hnc«P,ai\n}
Ow\c( 'PUJ&\‘V\a ‘Puvsc:('\‘oy\s ovev

c{q+a‘tljpes move. éewex‘a/ +LQM /Cs?‘s.
map re;:\ace conshiuent values

4\0\& A reP[aCQ COY\S"T\‘&"'st lo'l+l’\ 'pum,'l'o'ans

(h—ara Constructors become n-—arot( pwd’v‘ons)

Cata wxorpku'sm

[Moce specialized folds are somehmes possﬂ»le.l



4«'\'&'\'3_?5 'a +ree = Em,:"'}

| Node of ‘a tree # a # ‘atree

(¢ tmap 2 (“‘a='b)—> ‘a tree —3 b tree ¥)

Fun tmep £ Emply = B
_—-I "l’vncc; ¢ (N:Ai'(f,*ﬂ‘ggy -
Nede (f”‘qP 1 £ £ X, *maP 'pr)
(e tfold : (‘be‘ar’b ) =L =% Hree = 'p 9
fuy tlold £ 2 Eumpty = 2
| teold § 2 (Nai (2, x,r)) =
F(tfld £ 2 4 x, tfld £ 2r)



E—xn\mp)es

_\_/_C_l_! S'}'n'na;@’ = tma p Int 2o S‘H‘:n;
_\_l_(\}_ Hreesum = tfold (C_n (a,x,L):éq-ex-rb)o

Observe:

S*Y:naipg

mt tree = S\lr:na tree

treesum ¢ wt tree —> int



ig:\'_o«_'%_'zg_ ‘a leqca = Leaf of a

l Node_gf_ ‘a ‘eg{i: % ‘o le‘?

(* Imq s (A= '8) > 'e«l—‘a —'b led!&x;)
fun zm. £ (leat x) = Leaf (£
l fma £ (Mode (£r)) =
NoJe, (fmaP £ f fmqp-@ r)
(x28ald 2 (‘br’b=2'5) = (a=3'b)—3'a leaty =74 %)
fun Hold 9 (Leaf x) = 3()()
| Lfold £ g (Node (4r)) =
£ (Lold $ 3 £, [&/J-Pa r)



EAQMPIGS %
vl Astingify = Lmap Tut.fo Shring
val fodysim = Pold (op #) (Bx=5w
Observe
Lstringify = int leafy = shring lead
]en”a Sum & imt leaty —> int



_Tcleq aFlalfes &S ‘021/ to NONMECUYS vV €
C\a"'u“"jpes.

c\a+a+979e ‘a cphion = NOME\SONE_gf_ 'a_

(‘l opwmap H (’q -9 'b) - 0,)"1'0» - b op‘l’fonﬂ

Lun Opwap £ NonvE = Mownve
" | opmap £ (SOMEx) = SoME (&)

(fop*@alc’ ' ('q-’t 'B) -9 'b o 'q op'l'fou—)'b 1)
fun opfld ¥ 2 NoVE = 2
| opfeld £ 2 (SOMEX) = ¢



Examples

.‘_’_"_‘L °5+";"33p} - OPW\Qf Li.faShinj_
val osum = OP\QOW (f_le%x') o,

Observe
OS"TI.MJ;Qa 4 in't 0/7+ lon "ﬁS"‘ﬁna oF‘l‘itm

OSum ¢ int ap'h'ma — nk



Question

Ts the natural fold
Cor \?$¥S 'QO\,AAF or
fo\dl 7




That Is all.

Have a good weekend.

See you Tuesday, when we will talk
about continuations.



